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A SIMPLE METIOD OF OBTAINING SPAN LOAD DISTRIBUTIONS

By Alhert Sherman
SUMMARY

A method based on the principle of superposition is
presented for deriving the span load distributions of
wings. The procedure involves, as a first step, the de-
termination of a chord distribution that corresponds to
an elliptical loading and the given distributions of an-
gle of attack and lift-curve slopc. The differences be-
tween this fictitious and the given chord distribution
define the smaller component loads to be added to the in-
itial elliptical load to produce a new span loading that
more nearly satisfies the given problem than d4id the ini-
tial load. The subsequent steps follow a similar pro-
cedure; the succaessive series of additional component
loads, however, become rapidly negligible. The method 1s
conparatively quick and simple and should prove useful in
problems for which the span loand distributions are not
otherwise readily obtainable.

INTRODUCTION

In alrplane design, problems concerning wing stresses,
stalling characteristics, performance at moderate to high

angles of attack, and lateral controllability require knowl-

edge of the wing span load distribution. Refined prescnt-
day dcsign practice has grown away from the use of arbi-
trarily assumed curves of span loedlng and the distridbu-
tlions are derived by methods based on vortex theory. The
most succesgful of such methods have employed Fourier sor-
ies analyses (references 1 and 2). These methods have
been usged to make readily available the span load distri-
butions for many representative wing designs (references
3, 4, 5, and 6). - ’

Whore a span loading of more than ordinary conplexity
is involved, a Pourier series method of analysis can be-
come too tedlous to be Justified. In such a problem, a

. Lodai,
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method of successive approximations (reference 7) employ-
ing simple graphical integrations of the fundamental
pquation for the induced angle at the wing (reference 1)
can be resorted to. The labor of deriving the induced-
angle digtributions asscciated with thoe succeessive approx-
inations can be mininized by graphical dodges or can be
practically eliminated by the use, where availadble, of an
integrator designed for the purposc, (See referonco 8.)
Although the effort entniled by a methnd of successive
approxinotions may therefore be considerably reduced,
these nethods suffcr the disadvantage of reguiring a cer-
tain anount of expericence and Judgment on the part of the
engineer. Inasmuch as he seldom has occaslon for acquir-
ing such experisnce or Judgpont, he is generally reluc-
tant to employ a method of successive approximations when
the need arises.

It therefore appears deslrable to have some nethod of
deriving span locad distributions that is capable, within
the linmitations of vortex theory, of handling any wing de~
gsign with a nininun of effort and experience on the part
of the user., The purpose of this paper is to present such
g method.

SYMBOLS AND DEFINITIQNS

It ig desirable first to define tho symbols and the
concepts employed:

b, wing span.
¢, wing chord.
Ty spanwise distance fron wing center line.

geometric angle of attack in degrecs from tho
angle of zero lift of a section along the span.

-

Cy section-1ift coefficient, d4dL/qgcdy.

o
L, wing~-lift force. ,f‘\

-‘v‘j' - ) B
LA .

a,y soction lift-curve slope in degree measure.,

A

qy dynanmic pressure,
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nondinensional load intensity at a section

c
13 ’
0/2 along the span. _ B . e

A( °Fﬁ%§) ’ increment of load intensity at a section
along the span.

®i, inducel angle in degrees at a section along
the span associated with a given span load
distribution and determined from the sgqua-
tlon

(O"i)l =. 52;3 /1(1(Clb/2><, 'b/2 td(ﬁ;)
J-1 a(

-b/2> ¥ -~ Yl

The sign of a3 1is taken as positive in a sense opposite
to the wing angle of attack. : e

Aays increnment of induced angle at any section.

It is convenient to write the wing plan—-formn dinen=-
sions as nondinensional ratios in terns of the senispany
that is, the chord distribution is described as the curve

of £ against

7
b/2 v/2’

The span load distribution is sinilarly defined as

the curve of ¢, against 2 and the induced—-angle

b/2 b/2 s - -
distribution is the curve of a3y against —z—(-l<-———-<l
b/ b/2

The conponent loads arc spanwise distributions of load
intonsity whose span lengths nay be cqual to or less than
the wing spane. They are added together to form the span
load distributions., Thelr characteristics are described
in this report by the following synmbols: o

B, value of °1§%§ at the span center line of the

initial elliptical component load that falls :o
on the wing span center line. &

8, valuc of &, at the span center line of an

/2 |
additidnal conponent load.

I H
STy
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half-width of & conmpoaznt load. For the ini-
tial elliptical component, D = b/2. The

nondimcasional form is 335.
/

subscript to ideatify quantitiec., ussociated
with the initial clliptical conponent load.

subgeripts to identify quantities associoted
with the first; the second, acd the nth

scries of additional comnponent loads, ro-
spectively. . _ .

spanwige distanca of %hc centor Yine of an
nth conponenft load from the span centor
lino of the wing.

spanwise distance from the centor line of o
conponecnt load.

estinated weighted average of the gliven ag
digtribution.

estinated weighted average of the given g,
digtribpution. :

wing aspoct ratio.
wing-tip chord.

wing chord at span center line,

THEORY

The nmothod is basod on the prineciple of supcrposis-
tion: If iandividucal load distributions are conbined, thoir
separate induced-angle distributions nay be likewlse added
to give tho distribution of induced anploc assoclated with
the rosulting loading,. Obviously, any desirecd span load
distribution can be constructed by suitably combining a
sufficiont number of conponent loades Essentially thon,
the mothod reducos to the process of determining the con-
ponent loads which, when combined, will give the resultant
load distribution and its associated inducoed-angle dlstri-
bution that will satisfy the glven pradlon.

du
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Curve shapes suitable for processes of superposlition
nust first be chosen. These shapes will constitute the
puilding blocks" of the method, the component loads. For
convenience, the conmponent loads and their assoclated dis-
tributions of induced azngle should be eansily defined and
easily nanipulated curves. The elliptical load distridu-~
tion forms a satisfactory initial conponent (fig. 1), its
span dinension being taken equal to the wing-span dinen-~
sion and its associated induced angle being a constant
value over the wing span, fThe additional conmponent loads”
likely %o be applicd at any spanwlse positlon should pref-
ernbly not be elliptical in shape Decause the upwash ve- .
locity immediately beyond theilr %tips would then be theo-
cretically infinite in value, The curve shown in figure 2
avoids this difficulty and has been chosen in this reporst
to forn the additional conponents., With the shapes of the
component loads decided wupon, the prdcedure for deternin-
ing their nmagnitudes, proportions, and positions for any
Siven problen renmains $o be explained. o EEEE S-Sl

In any given problen, the plan form of the wing is
generally kmown. Also given are the spanwisc distribu-
tions of the section lift-curve slope a, . amd the geo-
netric angle of attack from zero lift oap. The procedure
to be described involves, as a first step, the determina~

4 tion of a chord distribution that satlisfies an elliptical

span load distribution (the initial conponeiit) and the
glven distributions of angle of attack and section lift-
curve slope. The differences between this fictitious and
the giveon chord distributions define the additional conpo-
nent loads to be supserposed upon the initial component to
producc a new span load distribution that more noarly sat-
isfies the given problem than did the elliptical conponsut.
The subsequent steps follow & similar procedure; the suc=~
cessive serles of additional conmponents, however, becone _
rapldly negligible. L -

The inltigl elliptical component of the span load
distridbution is set up so that its magnitude is Jjudged to
be of the same general order as that of the resultant dis-
tribution sought. The distinbuishinp dimension of this
comnponont load is its ordinate at the. center 1ine B. "4
simple expression for cstinating E will bo given later.
The value of E deternines the nagnitude of the corre~
sponding induced angle «j._, which, o0f course, will be ~

a constant over the span.

The subscript I is used to distinguish the quanti-~-

I

14




6 N.A.C.A. Tochnical KRote Ho., 732

tles associated with the initial ollipstical component

load, arnd the following steps are defined: .
At any sponwise point:

-CLOI = Cl‘aa - CLiI

CII g Q'OI

(1 573)
CI - GI 'b/2 I

¢

agalnst —z—, is thus :
obtained that satisfiesz the elliptical component loed and ‘
the given ag and a, distributions. This chord distri-

butlon differs from thoe given chord distribution in a nan-

ner rolatcd to the differonces between the elliptical con-

poneat load and the actual load-distrivutiosn souvght. Ob- ]
viously, 1f the two chord distributions should happen to
agree, the elliptical load componont would be the correct
load distribution for the problom. These chord differ- foe
encos are now investi,;ated:

A chord distribution,

c G
A I . _c. . 4

b/2 b/ 2 b/2

e/

The digstributions of A / iadicate where and how the
b/ 2

initial load component should be modified to approach the
resultant span load distribution being sought.

Cq ¥y

For each A—7f- distribution, the following quanti-

b/ 2 _
ties are roughly noted: its width, taken as-that portion
of the span over which it naintnine continuously positive
or anegative valuwes; and 1ts span position, taken as the
location of the midpeint of-its width. The next stop 1is
to apply an additional conponent load (the first additional : .

c

L distributions of o
b/Z ) ‘-*
nagnitude calculated to remove these chord differencos.

londs) at each position of the A
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The characteristic dimensions of each sdditional con-
ponent load to be employed (fig. 2) are its ordinate at

D ;

its nmidpoimt, 8;, and its half-breadth, —-/-L, where the
b/2

subscript 1 is used to identify quantities corresponding

to the first series of additional loads. The distribution

of induced angle, Aail, associated with an additional
conponent, 1s defined by the values of §,; and é??’ (Ses
fig. 2.) The quantity Di 45 set equal to the lmlf-width
b/2
c : .
of the Aff% distribution; and the value of 6; 1is-so

chosen that, at the position applied, the resulting load

° \ divided by the given a,, and by
b/2 '3

ninusg the resulting total indnced angle ail,

intensity ( Cy

the given Qg

will equal the given —7— The induced interference at

this span position of the other simultaneoule appliod ad—
ditional component loads is generally small and is negtoct-
ed in this calculation, A simple expression for Jefermin-
ing &, will be given later. .

When the &8; loads just deternined are thus added to
the initial component load and the corresponding distribu-
tions of induced angle are sinilarly added, a new span_gisr

tributlon of load ( 1]

bc ) and its associated induced-
ngle distribution 3 ire ocbtained that approach the ac-
tual distributions sought. The procedure continues:
At any spanwise point;
%o, = Cp T @i
where o3 = aixl+23Aail,' bay, ~ being the increment of __

induced angle correcsponding to each & load,

Cll = ao cool

Ca - (c-,_ f%é’)l

v/2 C11
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c _ c c c
where (01 WE)l = (c,. T’T§>I + A (01 5735 1’ A(ct m):.

being tho load increment asscciated with a 8, lond.

c
A new chord distribution, 37% agoinst is

A
YEN
thus ovtained that satisfies the now span loadlng and tho

and ag, distributions. This ;72 distribu~

gilven gy

c
tion approaches the given ——— dlatribution nore closely
b/2

c
than did the Ef% distribution.
The new chord differences aro investigated:

c, ¢ c,

v/2 b/2 b/2

A spcond series of additional conponent loads, the 83
loads, and their corresponding distributions of inducod
angle are obtained as before and added to the

: ]
(GI c ) and a3y, d&istridutions to form tke (cl 77;;)3

v/2 /) 2
and ;i distributions.
2

As befores -

cta = %o %og

. c
c

02 _ < 1 'b/g )z

/2 c1,
ecte.

The ropeated cycle of operations described is con-
tinucd until the nth scries of componcnt loads cbtalned

e
are negligibvle. The (cl E7—->n distribution is thon
2
the dietributlon sought. Ordinurily, only three cycles aro

requircd.
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APPLICATION

Fornulas and Charts

The _initial componeng.~ Figure 1 is employed to set
up the initial elliptical conponent load, the component
width being the wing span. The ceater- line ordindte B
nay be obtained by the expression: -

2
E =

7.16 + S&
- Bap

where @y and &y are roughly estinated weighted aver-
ages of the o« and a, digtributions, and A 1is the

wing aspect ratlo. The ordinates are scaled proportion-
ately to E from figure 1. The induced-angle distribu-
tion associatod with tais load 1s a curve of constaﬂ% or-
dinate:

Ay, = ?.16E ttegreos

I

The additional comuonents.~ Figurce 2 shows the curve
shape choscn in this report to form the additional conpo-~
nent loads. The charactoristic dinensions of an additlon-

al conponent lonmd are 1ts half-breadth L. and its or-

TE: D
dinate at the center line 8., The half-brecadth ;75 is

set equal to the half-breedth of the distribution-of-chord

differences being considered, as explained 'in the previous
section. The subseript 1 1g appended to identify quan-
titles associated with the first additloanal componcnt
loads; the subscript I identifics quantities associated
with the initial slliptical componenti and

c c .
(20 575 )71 = (% %73 ),
) 12.16
Dy
v/2

~
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where oy = @&y - @i g at the spanwlse position of the &,

load, (cz ) is the ordinate of the elliptical con-
I

c

b/2

ponent load at that position, =§L is the half-brcadth
b/R

of the &, 1load, and the other quantities are given in

the problen, . . _

Similarly, the second additional conponent loads nay
subsequently be found: .

c > 12.16
Pz
- /2

and the nth additional ccmponents:

(0 555 ) ooy - (o1 555)
- b/2 nei Ve/z/

§n
1+ (ao c 12.16
b/2

Charts for the additional compoments.- In order to
obtain the disbtribution. of load assocliated with any addi-
tional conponont to he added to the curve of span load
distribution, the load shape of figure 2 is expandod, tho
abscigsas propdrtionatély to the required value of _

F%E and the-ordinatéé}pﬁoportionately to the roquired &.

Thoe nesnciated gdditionnml distridbution of irnduced angle
is sinmilarly obtalned by;expanding the abscissas of the
induced~angle curve of ffgure 2 proportionately to

E?E and the.ordinates -proportionately to g . The

b72
charts of figures 3 agnd 4 have been prepared fo facili-
tate thisg procedure. These charts pornit a rapid deterni-

-
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nation of the values of A (c1 b/2 ) and Aai to bve. ap-

pPlied at any span positlon, 4%- on the wing for any

. In

iven additional lcocad position ( I = > and for an

& o P YERRYE v
b/ 2 _

The sinple construction of the charts readily allows thonm

to be reproduced to a larger scale than is possible for
publication. :

values of

and &8 within the range of usefulness.

Phe chart df figure 3 is used as fol}pws; The E%E

scale, which represents the wing span, is shifted to
bring the 6-load conter line to its desired position,
}’n °

375. A horizontal base line is establisﬁéd in the fan of
¥p lines so that its length fron -&A-= 0 %o y, = £1.0D

-

' b
is equal to the given gfg. The point on tho span under

consideration is projected vertically from the shifted

/3 scale to this base line in %he..yA fan and is thon

carried radially to the &-load bas¢ line. It is then
projected vertically to interseet a curve that is pilcked
or intcerpolated from the fanily of 8-load curves shown.

This curve is so chosen that it has the given value of &

a
as indicated on one of the A (cz.iﬁs ) scales, The or-

isting span load distridbution at thc spanwise point'being_
considered and corresponds to the glven values of
In Pa
b/2' b/2 o
can be used with any of the scales to give the desired
value of 8§,¢ TFurither, any value of the exponent x as-
sociated with the saale can be used to fix the decinal
point as required. The procedure Just described is illus-
trated by broken lines in figure 3 for '
In J Dn
B 9
v/2’ vf2’ v/2 o
and C.1G, respectively. The corrosponding value °f{A(clij%§>
is 0.126, o i

* and ©6p. HNote that any of the 8-load curves

, and 6&p assumed equal to 0.35, 0.45, 0,25,
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Figure ¢ is used sinilarly to figure 3. The induced~- 3
angle curve +to be enployed, however, is picked or intorpo- -
lated, fronm the fanily of curves shown, to have the desired

8
value of a;—- " In the process of obtaining the distridbu- .

v/2
tion of Aay corresponding to & given §-load, the dig-
tribution is considered to extend sufficiontly far over the
span to reach negligible values of Aajz. The procedure of
using tho chart is illustrated in figure 4 for the sanc

‘r y Dn
b/2 v/2' bv/2’
The corresponding Aaj  is 4,8°,

values of and &, assuned 1n figurc 3.

Exanples= An cxanple is prcseﬁted_;n detall to 1llus~-~_
trate the application of the method. Figure 5 and table I
give tho data agssumed to be known.

Eperience has shown that it is nuch nore convenient
to perforn the conputations not covered by the charts in
tabular form rather than by graphical construction. Table
II presents the work nccessary for derlving the load dis-
tributionse Table III gives the dectalls of deriving the
distributions of induced angle lonvolved 1n gotting the »
chord differences of table II, Figure 6 is included to : g
1llustrate the results of the tabular work. The check
pointe shown were obtained by graphical Integration, as . .-
described in reference 7. In this exanple, the third ad-
ditional component loads arc considercd negligible and the

<01 E%E-)a distribution 1s accepted as satisfactory.

Following through the exanple is consldcred advisadble to
obtain a working understanding of the nethod.

The method as ;resented in this report nay accumulate
inaccuracies during-computation. In sinple exanples, as
the one given herein, this source of error is not serious.
In very complex problems, where many serics of addltional
loads arc required, tho accunulation of computing inaccu-
racies night becone important. At an nth stage, 1t would
therefore be odvisable o derive the induced-angle distri-

bution associated with the curve of (cl b/z ) also by

graphical neans (see reforence 7) or by neans of an inte- *
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grator such as described in reference 8 to. check the ay

curvoe. Tuls proceeding renoves the serror acﬁinﬁiéte& i
aind the mothcd can be continued afresh fron that point,

In the vworking of ana exanple, the induccd loads pro-
duced by tho upwash at the tips of an additional compo-
nont nust not be neglected. In tabular procedure, it is
sufficient to make each conponent-load tip fall on a value

r

of 3?5 considsred in the table. With the point of appli-

<
s i . .
cation, —fl-, of the additional load also falling on
b/2 - '
suck a value, the tabular work is less than it otherwise
would te because the values cf A.@1 L ) and Aoy
v/2 /n R

to be tabulated ars syanetrical abdout %?%a (See tables
II ond IIIL.) ' ' '

CONCLUSION

4
The method presented should enable the sngincer to

obtain the span load distribution through a straight-
forward, arithmetical procedure in whizh component loads

are added to forn the distribution sought. The propor- "~~~

tions, the nagnitudes, and the relative span positions
of these componént loads are deternined fronm sinmple re-~

lationshipns derived from the differences beiwsen the giv-"

ecn chord éistribution and the chord distridutions associ-
ated with the conmponents thenselves. "Charts havé been
included to assist in the calculations. '

Points of procedure $o bear in nind are:

1. Tabular computation is nore convenilent than
grapkical construction.

2. The interference loads induced at the tips of
each additional conponent load nust zot be overlooked, as
is possible in tadular computation. )

"3. The accunulation of computing inaccuracies, though

gonerally uninportant in simple probleas, mnay become seri- = 7

ous in problems requiringthe addition of many series of
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conponent loads. At any stage ian the process, the accu-
nulation of inaccuracies can be renoved by a separate
check of the assccélated induce-angle distribution.

Langley Memorial Aeronautical Laboratery,
Hational Advisory Connittee for Aeronautics,
Langley Field, Va., Auzust 16, 1939.
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TLILE I
Charactoristics of Wing Used in Exanple
”§_ %%— S0 Fa 80 77 Bo g,
>/2 2 (deg.) v/2 (deg.)

-1.00 [(0.075) | 0.100 7.0 (0.0075)| 0.096 8.7
- & . 089 . 100 7.1 .G089
-.20 + 103 .09¢ 7.2 0102
-.0b «117 .099 7o .Qlls
-.30 :131 099 7.5 . 0130
-.75 « 145 .0398 7.6 .0142
"-70 .159 5098 7.7 00156
"‘065 0173 .098 ?-8 00170
"u60 0187 .097 . 8.0 | 00181
-.55 « 201 .097 8.1 .0195
-+ 50 e 215 s 0G7? 8.2 .0209
-.45 « 229 . 098 8.3 « 0220
-0 v 243 .096 3.5 0233
~.3D « 257 .096 3.6 . 0247
-« 30 272 .095 ce? «.0258
~.2B .286 .0G5 8.9 202372
"020 .300 0095 9.0 .0285
~.15 «300 .085 9.0 .0285
-~ e 10 0300 a095 9.0 00285
bl "'5 0300 3095 9-0 Q0285
] « 300 .095 9.0 0285
.05 « 300 .095 3.0 02856
« 10 « 300 .095 S.0 .0285
« 15 « 300 .C9b 9.0 .0285
.20 « 300 .095 g,.,0 « 0285
« 25 « 286 .095 3.9 L0272
« 30 « 272 « 005 .7 .0258
eDb « 257 096 C.6 . 247
o0 243 « 086 8.5 « 0233
« 45 + 229 «.096 8.3 .0220
« 50 «215 +09%7 8.2 0209
.55 « 201 097 8.1 .0195
« 60 « 137 + 097 5.0 0181
« 65 «173 .098 7.8 0170
.70 « 159 .Q98 Te7 .0156
.75 « 145 . 098 7.6 0142
« 50 « 131 .099 7.5 . 0130
.85 117 089 7.4 0116
.90 «103 . 059 7.2 .0102
.95 .089 <100 7.1 .0089
1.00 (.,075) .100] 7.0 {,0075)




TABIE II

Computations for exawple, OSpanwige distributions.

3cL 'of 980N TwoTugoel ‘Y'orvK

For initial ¢lliptloal compoment aof . For firat additional componants
apan~-loading ourve .
- o o "
bf 2 3 (G‘S}QL ai! u.oI 011 :D]L‘; w:;; %; FJ’?% u- ‘(%E%E)l (HEE?E)-‘- al:. ﬂo: ull ‘ﬁl';-
~1.00 0 % :{t E.s 0. g 0102 o 0 ho . 1._§_ oo glw -
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